Mesh-to-mesh field transfer arises frequently in finite-element computations. Typical applications may concern remeshing, multigrid methods, domain decomposition, and multi-physics problems. For electromagnetic fields, one of the essential constraints in such transfers is to conserve energetic quantities such as magnetic energy and joule heating. Within the framework of Galerkin projection on overlapping domains, we introduce the definition of energetic norms for electromagnetic fields. The corresponding formulations we propose provide energy-conserving projection of electromagnetic fields between different meshes.
I. INTRODUCTION
M ULTIPHYSICS problems deal with several subproblems of which the physical nature differs, e.g., electromagnetic, thermal, and mechanical problems. Generally, depending on the importance of the internal interaction, multiphysics problems can be simulated with different strategies. One possibility is to discretize the studied domain on different meshes for different subproblems. These subproblems are then solved separately using finite-element methods. This strategy is particularly useful for coupled problems with weak interaction, because of the simplicity of its realization. In this case, it is necessary to communicate and transfer fields between different meshes.
In the literature, the concept of Galerkin projection provides a very convenient tool to carry out mesh-to-mesh transfers [1] - [5] . Compared with the direct interpolation, Galerkin projection methods enjoy the advantage of greater precision. Similar applications can also be found in remeshing, multigrid methods, and domain decomposition [6] - [8] . However, using the classic Galerkin projection, the conservation of energetic quantities is not assured between the original and target meshes. To tackle this issue, formulations deduced from the minimization of the energetic norms are proposed. This paper is organized as follows. First, we recall classic Galerkin projection formulation. Second, energetic formulations are developed to conserve the magnetic energy and joule heating between different meshes. The numerical models developed from the minimization of the energetic norms are presented for magneto-static and eddy-current problems. The obtained formulations are then applied to an academic example.
II. GALERKIN PROJECTION
Depending on the nature of the electromagnetic field to be projected, Galerkin projections can be carried out in different Sobolev spaces. Manuscript Let L 2 (D) be the space of square integrable vectorial functions on domain D. Given u s , a previously calculated vectorial field on the source mesh, the Galerkin projection consists of finding its approximation u t on the target mesh, with which the L 2 (D)-norm of their difference is minimized
For the fields with finite curl (e.g., the magnetic and electric fields), Galerkin projections can also be carried out in H(curl, D)
An H(curl, D)-projection reduces the H(curl, D)-norm of the difference between our solution and the given field, i.e., the difference on the fields but also on their curls. For example, the H(curl, D)-projection of a magnetic field returns an approximated field with similar current density, which is its curl.
In mesh-to-mesh projections, both u s and u t are discrete fields. We refer to [5] for further details regarding their realization.
In general, Galerkin projections enjoy greater precision over mesh-to-mesh interpolations. It ensures the optimality of the solution because of the quasi-best property of the Galerkin method.
III. ENERGETIC FORMULATIONS
The Galerkin projection transfers fields between different meshes. However, in multi-physics problems, after the transfer, we may need additional informations other than the distribution of fields. The accuracy of the energy distribution is often crucial.
For instance, in electrical machines at low-speed range, the magnetic forces are the main sources for mechanical vibrations and acoustic noises. In terms of numerical modeling, these forces can be calculated from the distribution of magnetic fields and used as excitations in the mechanical computation. Assuming that the projection of the magnetic field is used between the magnetic and mechanical problems, the magnetic 0018-9464 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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forces are thus calculated from the projected field on the mechanical mesh. As forces are the derivatives of the magnetic energy with respect to virtual displacements [9] , the projection used should ensure great accuracy with respect to the distribution of the magnetic energy. Otherwise, the non-conservation of energetic quantities may lead to errors regarding magnetic forces and thus errors for the entire magneto-mechanical modeling.
Another example concerns the magneto-thermal modeling. The eddy currents are important sources for the joule heating in electrical machines. To calculate the magnetic and thermal problems on different meshes, the transfer used should ensure the accuracy regarding ohmic losses.
Here, we focus on the mesh-to-mesh energy-conserving projection of electromagnetic fields. The energetic formulations are investigated for magneto-static problems as well as harmonic eddy-current problems.
A. Magneto-Static Problems
A magneto-static problem is described by Maxwell's equations and the material constitutive law
where H is the magnetic field, B is the magnetic flux density, J e is the excitation current density, and μ is the magnetic permeability. In this paper, only linear materials are considered.
To solve magneto-static problems, different formulations can be employed, e.g., formulations based on scalar or vectorial potentials. Therefore, in the numerical result, either the magnetic field or the magnetic flux density better respects the physical properties. In the following, we assume that only such discrete fields are projected.
We denote by H s and B s the fields obtained on the source mesh and H t and B t the fields to be calculated on the target mesh. The energetic norms of the interpolation error are defined as
In comparison to (1), here the norms to be minimized are weighted by the distribution of the magnetic permeability or reluctivity.
On the target mesh, using Whitney elements in 3-D, H t and B t are discretized at the edge and facet element spaces, respectively
where w e i (respectively w f i ) and h i (respectively b i ) are the shape function and the value of H t (respectively B t ) associated with the i th edge (respectively facet). E and F are the number of edge and facet elements, respectively.
To project fields onto a target mesh with respect to the magnetic energy, weak formulations based on the minimization of the energetic norm are developed. In (4), the energetic error norm is minimized when its derivatives with respect to all degrees of freedom are equal to zero. Thus, for each edge ∀i ∈ {1..E}
Finally, the matrix equation to be solved can be written
where
and [h] is the vector of degrees of freedom to be calculated. A similar demonstration can be applied to (5) for the projection of B s with respect to the magnetic energy
B. Eddy-Current Problems
Low-frequency harmonic eddy-current problems can be presented as follows:
with E the electric field and J the current density, σ the electrical conductivity, ω the pulsation, and j the imaginary unit. For eddy-current problems, either magnetic or electric harmonic formulations can be used to calculate harmonic fields. On the source mesh, either H s or E s better respects the physical properties. Thus, depending on the used formulation, the mesh-to-mesh energetic error norm to be minimized can be defined as [10] 
where both norms contain the magnetic energy in the studied domain D as well as the joule heating in the conducting domain D c . On the target mesh, edge elements provide sound discrete spaces for H t and E t . Weak formulations can then be obtained by the minimization of the energetic norm (15): 
Equation (17) gives rise to the following matrix equation:
where [C] and [F] are the same matrices as in magneto-static problems and
Both [C] and [C curl ] are positive-definite matrices. A similar matrix system can be obtained from (18) to project E s .
IV. APPLICATION
The proposed projection formulations are applied in an academic example (Fig. 1) . The studied domain is composed of two face-to-face cylindrical iron cores. Iron core 1 is wound around by an excitation coil.
Two meshes are considered: M1 (234 K elements) and M2 (29 K elements). To carry out the mesh-to-mesh transfer, M1 is used as the source mesh to solve the magnetic problem and M2 is considered as the target mesh for the projection. Regarding the computation time, in which the [F] and [F curl ] vectors in (10) or (19) are assembled on the target mesh, each projection requires less than 2 min with a CPU of 2.4 GHz (single thread).
A. Magneto-Static Problem
First, a constant current is applied in the coil. Given Ampere's law, magnetic fields appear and the two iron cores tend to attract each other.
The magneto-static problem is solved on M1 using the scalar potential formulation. The calculated magnetic field H s is then projected to M2 using the L 2 (D)-projection (1) and the energetic formulation (9) .
The obtained magnetic field H t on M2 is shown in Fig. 2 on a clipping plane. Here, the two projection methods return very similar distributions for H t .
The B t fields can then be calculated from the projected H t fields using the magnetic constitutive law. Although the projected magnetic field appears to be appropriate, the L 2 (D)-projection fails to provide a correct distribution of B t at the boundary of iron cores [ Fig. 3(a) ]. The advantage of the energetic formulation is shown by the correct distribution of the corresponding B t [Fig. 3(b) ]. Table I compares the magnetic energy and interaction force calculated on M1, M2, and then by M1-to-M2 projection. The energy-conserving projection allows us to calculate magnetic forces on M2 from the projected H t field (Fig. 4 ). As expected, iron core 2 is attracted by iron core 1.
B. Eddy-Current Problem
Second, a sinusoidal current is applied as excitation. In this case, eddy currents appear in the iron cores.
On M1, the magneto-harmonic problem is solved with the magnetic formulation [10] . The obtained magnetic field H s is then projected to M2 using the presented energetic projection (17). Table II presents the energetic values solely calculated on M1 and M2 for reference, and then those issued from M1-to- Magnetic forces (N ) on iron core 2. They are calculated by applying the virtual work method on the projected H t field using the energetic formulation. M2 projections. In comparison with the magneto-static case (Table I) , here the accuracy is slightly lower in terms of magnetic energy. A difference up to 7% can be observed between the energy obtained on M2 and that deduced from projected H t . However, the energetic formulation (17) aims to minimize the sum of the differences with respect to the magnetic energy and the joule heating.
Similar to the static case, the L 2 (D) and H(curl, D) projections of H s are capable of returning the approximated distribution on the target mesh. Important errors can however be remarked with respect to the distribution of the magnetic flux density and the eddy-current density.
On the contrary, the obtained H t field using the energetic formulation ensures good accuracy regarding the magnetic flux density B t (Fig. 5 ). Moreover, since curl H = J, the projection used gives good accuracy with respect to the eddy current and thus the joule heating ( Fig. 6 ). Ohmic losses density (W/m 3 ) in the two iron cores. They are calculated from the energetically projected H t field.
V. CONCLUSION
In order to transfer electromagnetic fields between different meshes, energy-conserving projection methods are presented in this paper. The definition of energetic norms is given for magneto-static problems and harmonic eddy-current problems.
For multi-physics modeling, the presented formulations ensure the accuracy regarding energy distribution for meshto-mesh field transfer. In the studied example, the projected magnetic fields can be used for the computation of forces and joule heating.
